Abstract. In this paper we study the topology of complement of totally geodesic submanifold in a positively curved manifold. We prove that if K ⊂ (S 5 , g) is a totally geodesic 3-submanifold where (S 5 , g) has positive sectional curvature. Then K is a simple knot uniquely determined up to isotopy by the equivalence class of its Seifert matrices. Moreover, we obtain the following Zariski type connectivity theorem (compare [Fr2]):
Introduction
A classical theorem of Frankel ([Fr1] ) says that if M is a closed manifold with positive sectional curvature, and f i : N i → M, i = 1, 2 are totally geodesic immersions of closed manifolds, with dimensions satisfying dim(N 1 ) + dim(N 2 ) ≥ dim(M), then their images must intersect. This result was extended by Kenmotsu and Xia ([KX] ) for the case of positive k-Ricci curvature if dim(N 1 ) + dim(N 2 ) ≥ dim(M) + k − 1. Another classical Frankel theorem is the following: Theorem A. (Frankel [Fr2] ) Consider an m-dimensional closed manifold M of positive sectional curvature. Let N be an n-dimensional closed manifold and f : N → M be a totally geodesic immersion with n ≥ m/2. Then the homomorphism induced by the inclusion i * : π 1 (f (N)) → π 1 (M) is surjective.
Theorem A was generalized by Kenmotsu and Xia ([KX] ) for positive k-Ricci curvature if n ≥ (m + k − 1)/2.
Those results are the counterpart in Riemannian geometry of similar results in algebraic geometry, which suggests that several results in algebraic geometry could have similar results in Riemannian geometry. In these correspondences, the complex projective space is replaced by some kind of positivity of curvature, and algebraic subvarieties are replaced by totally geodesic immersions or by immersions with large asymptotic index (cf. [FMR] ).
In [W] Wilking obtained in Riemmanian geometry the corresponding Barth-Lefschetz-type theorem (cf. [Ba] , [Bt] , [L] ). In [FMR] the authors generalized the Wilking Theorem and the Frankel Theorems cited above to a connectedness principle. As a consequence, it was obtained a regularity theorem, which says that a totally geodesic immersion of a closed n-dimensional manifold into a closed m-dimensional manifold of positive sectional curvature must be an embedding if n > m/2. This result is the counterpart of a theorem of Fulton-Hansen ([FH] ). Another consequence says that the intersection of totally geodesic closed immersions of dimensions n 1 and n 2 in a closed m-dimensional manifold of positive sectional curvature must be connected if n 1 + n 2 ≥ m + 1, which is a counterpart of the classical Bertini Theorem (cf. [Fu] ).
In [FM] the authors extended the results in [FMR] to complex geometry of biholomorphic k-Ricci positive curvature. In [Fa1] the author extended the result in [FMR] to quaternionic Kähler manifolds with geometric applications. Another related result was [BR] .
However, the classical Zariski Theorem relative to the topology of the complement of a codimension one subvariety in P m still doesn't have a Riemmanian counterpart. We believe that the following conjecture should be true, which may be viewed as a counterpart of the classical Zariski theorem in projective algebraic geometry (compare [Wi] , [FMR] ). Conjecture 1.1. Let M be an m-dimensional Riemannian manifold of positive sectional curvature. If N, H are totally geodesic closed submanifolds of dimension n and h which intersects transversely, then the homomorphism
induced by inclusion is an isomorphism for i ≤ 2n − m and an epimorphism for i = 2n − m + 1.
The difficulty here is that the energy of curves on the complement of a submanifold is not anymore a proper function, which does not allow us to use the Morse theory method as in [SW] , [W] , [FMR] , [FM] , [Fa1] and [BR] . It seems that a use of the stratified Morse theory developed in [GM] could be used to prove such a version, though we do not have a proper approach right now. Nevertheless, with respect to the fundamental group we obtained a counterpart, which extends Theorem A to complement of totally geodesic submanifold. Theorem 1.2. Let M be an m-dimensional Riemannian manifold of positive sectional curvature. If N, H are totally geodesic closed submanifolds of dimension n and h which intersect transversely, then the homomorphism induced by the inclusion
is surjective if 2n ≥ m and m ≥ 5.
We remark that the theorem is only interesting when h = m − 2, since for h < m − 2, the fundamental group
We say that a Riemannian manifold M has positive k-Ricci curvature if
where v ∈ T p M is any unit tangent vector, K(v, e i ) is the sectional curvature associated to the plane generated by v and e i , and v, e 1 , · · · , e k are orthonormal vectors. Now we can state the following generalization of Theorem 1.2, which holds with both definitions of positive k-Ricci curvature. Its proof is an easy adaptation of the proof of Theorem 1.2 in a way similar as [FMR] , for example. Corollary 1.3. Let M be an m-dimensional Riemannian manifold of positive k-Ricci curvature. If N, H are totally geodesic closed submanifolds of dimension n and h which intersect transversely, then the homomorphism induced by the inclusion
As a typical application we will address to the following problem, which is the original motivation of the present paper:
) be a codimension 2 totally geodesic submanifold, where (S n , g) is a sphere with positive sectional curvature. Could i(N) be a nontrivial knot?
The problem is already very interesting for n = 3. In [Re] certain torus type knots were realized as simple geodesics in some (S 3 , g) with positive sectional curvature.
The following result shows that totally geodesic knot in sphere with positive sectional curvature is rather special. Theorem 1.4. Let (S 2n+1 , g) be a Riemannian manifold with positive sectional curvature. Assume n ≥ 2. If K ⊂ (S 2n+1 , g) is a totally geodesic submanifold of codimension 2, then the knot complement S 2n+1 − K has fundamental group Z.
Theorem 1.4 shows that 3-knot in a positively curved 5-manifold homeomorphic to S 5 is a simple knot (c.f. [Le] ). Hence the result of [Le] implies readily that
) be a totally geodesic 3-submanifold where (S 5 , g) has positive sectional curvature. Then K is a simple knot uniquely determined up to isotopy by the equivalence class of its Seifert matrices.
We believe that Corollary 1.5 should hold for higher all dimensional knots in a positively curved sphere.
The fixed point sets of isometric group actions arise naturally as totally geodesic submanifolds. The famous Smith conjecture, confirmed by S.T. Yau, implies that the fixed point set of a periodic transformation on S 3 is indeed unknotted. In higher dimension the Smith conjecture is false (cf. Gordan [Go] ). It seems natural to ask: Conjecture 1.6. Let K ⊂ (S 2n+1 , g) be a codimension 2 fixed point set of a cyclic isometry of order p. If (S 2n+1 , g) has positive sectional curvature, then K is unknoted.
Preliminaries
Lemma 2.1. Let M be a closed manifold of positive sectional curvature and let H be a totally geodesic embedded submanifold of M. Let m, h, respectively, be the dimensions of M, H. Let V be the ǫ-tubular open neighborhood of H for some small ǫ > 0, with boundary ∂V and closurē V . Let γ : [0, 1] → M be a geodesic with γ(t) ∈ M −V for t ∈ (0, 1) and γ(0), γ(1) ∈ ∂V . Assume that γ ′ (0), γ ′ (1) ⊥ ∂V and that h ≥ m/2. Then there exists a smooth variation γ s of γ = γ 0 with γ s (0), γ s (1) ∈ ∂V and γ s (t) ∈ M −V for all t ∈ (0, 1) and all s, such that the length
Proof. For ǫ sufficiently small ∂V is contained in the 2ǫ-tubular neighborhood U of H. We recall that, for all x ∈ U, the gradient of the distance function ρ from H satisfies ∇ρ(x) = σ ′ (0), where σ : 0)) and γ ′ (1) = λ 2 ∇ρ(γ (1)). Thus the geodesic γ can be extended to a geodesicγ :
The parallel transport alongγ defines an isometric linear imbedding
hence there exists a nontrivial parallel vector field v(t) alongγ with
Thus the positivity of sectional curvature, the fact that H is totally geodesic and the second variation formula imply together that there exists a variationγ s ofγ withγ
∈ ∂V and the image of the restrictionγ s | (ts,us) is contained in M −V . From the transversality of the intersection between γ and ∂V we obtain that t s , u s depend smoothly on s. For s = 0 we have:
Thus we have L(γ) > L(γ s | [ts,us] We assume by contradiction that there exists a nonempty set S of continuous curves γ as above so that each γ does not admit any Vdeformation τ such that τ ([0, 1]) ⊂ ∂V . Let a ≥ 0 be the infimum of the length L(γ) for γ ∈ S.
Let U be a δ−tubular neighborhood of ∂V so that U strongly deformation retracts to ∂V for some small δ > 0. Note that a ≥ 2δ > 0. Now consider a sequence of curves σ k ∈ S satisfying L(σ k ) → a. Since L(σ k ) is uniformly bounded, the curves σ k form an equicontinuous sequence. So the Ascoli-Arzela Theorem implies that, considering a subsequence As a consequence we have L(σ) = a. By the minimality of L(σ) and the first variation formula we know that σ is a geodesic satisfying σ ′ (0), σ ′ (1) ⊥ ∂V . So, by using Lemma 2.1 we obtain a V-deformation τ of σ with L(τ ) < a. This contradiction concludes the proof of Lemma 2.2.
3. Proofs of Theorems 1.2 and 1.4
Proof of Theorem 1.2. If h < m − 2, it is well-known (by transversality theory) that π 1 (M − H) ∼ = π 1 (M) (resp. π 1 (N − N ∩ H) ∼ = π 1 (N)), the desired epimorphism follows from Theorem A.
If h = m−1, by [W] [FMR] one gets easily that π 1 (M) = 0 or Z 2 , and the universal covering of M (resp. H) is homeomorphic to a sphere. In the former case, M − H is the union of two open discs, and in the latter case, M − H is contractible. The desired result is trivial.
In the remainder of the proof let us assume h = m − 2. Let V be the open ε-tubular neighborhood defined in Lemma 1.1. By Lemma 2.2 π 1 (∂V ) → π 1 (M − V ) is surjective. Note that ∂V is a S 1 -bundle over H, whose pullback on N ∩ H is isomorphic to the normal circle bundle of N ∩ H in N, by the transversality of N and H. By Wilking's theorem Theorem 0.6 of [FMR] we know that N ∩ H ⊂ H induces an epimorphism on the fundamental groups, provided n ≥ 3 (since m ≥ 4). Therefore, the exact sequence for the circle bundle S 1 → ∂V ∩ N → N ∩H (resp. S 1 → ∂V → H) implies easily that π 1 (∂V ∩N) → π 1 (∂V ) is surjective. Hence, the inclusion ∂V ∩ N → N − N ∩ V → M − V induces an epimorphism on the fundamental groups. The desired result follows.
Proof of Theorem 1.4. By the Wilking's theorem 0.6 of [FMR] we know easily that K is a homotopy sphere and hence homeomorphic to S 2n−1 by Smale's theorem for n ≥ 3 and Poincare-Perelman's theorem for n = 3. Note that the normal circle bundle of K in S 2n+1 is trivial whose fundamental group is isomorphic to Z. By Lemma 2.2 it follows that π 1 (S 2n+1 − K) is cyclic. By duality we conclude that
